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NON-ITPFI DIFFEOMORPHISMS'

BY
JANE HAWKINS

ABSTRACT

We construct C* diffeomorphisms of T* which give rise via the group measure
space construction to factors which are not ITPFI. We extend the construction
to arbitrary paracompact, connected manifolds of dimension = 6.

Ihtroduction

This paper extends results of [10-12, 14, 15, 19] and others concerning ergodic
diffeomorphisms of C” manifolds which do not preserve any o -finite measure
equivalent to the given smooth measure. In particular we are interested in the
classification of ergodic group actions on a measure space generated by a single
ergodic non-singular transformation up to orbit or weak equivalence (see §1 for
definition). We describe the ratio set introduced by Krieger in [19], but we
concentrate on type III, diffeomorphisms in this paper. (It has been shown that
for each fixed A € (0,1], all type III, transformations are weakly equivalent, but
type III, transformations are highly non-unique, [3, 4, 19].)

The group measure space construction [25] gives a canonical method for
associating to the action of an ergodic transformation on a Lebesgue space a von
Neumann factor; weakly equivalent transformations give isomorphic factors (see
[23, 28]). In this paper we construct type 111, diffeomorphisms whose associated
factors exhibit a special property, i.e., are non-ITPFI. Our construction is not on
the algebraic level (we construct the diffeomorphisms, not the factors), although
we use algebraié conditions for a factor to be non-ITPFI given by Connes and
Woods [6, 7], and then apply Krieger’s theorem [23] which includes the result
that there is a one-to-one and onto correspondence between equivalence classes
of ergodic measurable flows and flows of weights.

Krieger was the first to construct a non-ITPFI factor in 1970 [22]; it was
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Connes who proved that Krieger’s factor was non-ITPFI [3]. Here we construct a
C~ diffeomorphism of T* whose associated factor is non-ITPFI, or equivalently,
a diffeomorphism which is not weakly equivalent to an odometer of product type
(cf. §1). Katznelson has shown that there is a bijection between ITPFI factors
and weak equivalence classes of C° diffeomorphisms of T' with irrational
rotation numbers having unbounded continued fraction coefficients [15].

We have shown in [10] that every paracompact, connected manifold of
dimension greater than or equal to three admits a smooth type Ill, diffeomor-
phism. All these examples seem to lie in the same (ITPFI) weak equivalence
class. In this paper we give a different construction, from which we can obtain an
uncountable family of non-weakly-equivalent type IIl, diffeomorphisms of 77,
and a non-ITPFI diffeomorphism of T°. The method used is based on an
example given in [8]. These diffeomorphisms have natural extensions to higher
dimensional manifolds, which we give in §5.

In section 1 we introduce some necessary definitions and notation, and section
2 offers a short presentation of the flow associated to an ergodic automorphism;
a more detailed version can be found in [8]. Section 3 gives a method for
obtaining a C” diffeomorphism of a manifold X X T' whose associated flow is
any prescribed measure-preserving C” flow on a smooth manifold X. Sections 4
and 5 contain the examples mentioned above, which are obtained from the
construction given in §3.

§1. Notation and definitions

Let (X, %, 1) denote a Borel space where u is a probability measure on
(X, ¥). We define f to be a non-singular ergodic transformation of (X, &, u) if
g~ fot (where f u(A)=p(f'A)for every A € &), and if every f-invariant
set BE Y satisfies either pu(B)=0 or u(B)=1. We define the set
Aut(X, # u)={g : (X, % 1) O such that g is invertible, bimeasurable, and
gt ~— p},and let O, (x)={g" (x): n €Z}. The full group of g € Aut(X, ¥, n)is
defined by

[gl={h €EAut(X, %, n): h(x) € O, (x) for n-a.e. x € X}.

DEerINTION 1.1, Two transformations f, g € Aut(X, &, ) are weakly equi-
valent or orbit equivalent if there exists a bimeasurable invertible map ¢ : X - X
with ¢3'u ~u and ¢(O;(x))= O, (¥(x)) for n-a.e. x €X.

We now introduce an invariant of weak equivalence.

DerFiNiTiON 1.2, Let f € Aut(X, &, u) be an ergodic transformation. A non-
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negative real number ¢ is said to be in the ratio set of f, r*(f), if for every Borel
set B € & with u(B)>0, and for every € >0,

“(HLEJZ (B(‘\f"Bﬂ{x EX:I%‘(x)—tl<g}))>0.

Here duf "/du denotes the Radon-Nikodym derivative of f;u with respect to
. We set r(f) = r*(f)\0. It has been shown that r(f) is a closed subgroup of the
multiplicative group of positive real numbers R”, and that f admits a o -finite
invariant measure equivalent to u if and only if r*(f) = {1}, [19]. If not, there are
three possibilities:

1) r*(f)={r €R:t =0}, in which case f is said to be of type III;;

Q) r*(f)={0}U{r" :n €EZ} for 0< A <1; in this case f is said to be of type
III, ; or,

(3) r*(f)=1{0,1}. Then f is of type IIl,.

For each A #0, type 111, automorphisms form a weak equivalence class, but
type III, automorphisms are highly non-unique.

We define an odometer of product type.

DeriniTION 1.3, Let {mJ}i-, be a sequence of positive integers, and set
X =1;-,{0,1,- - -, n, — 1}, with the product Borel structure. Define T on X by:

0 if k <N(x),
(Tx) =3 x+1 if k=N(x),
Xk if k> N(x),
where N(x)=inf{k =1:x.# n —1}. (In particular, T({nx —1}) is the zero
sequence.) Let v, be a probability measure on {0,1, -, m — 1} such that the
probability of every digit is positive and the product measure v =Ilw is
non-atomic on X, It is not hard to check that v is ergodic and quasi-invariant
under T. By O({n.},{v}) we denote the odometer of product type defined by T
on (X, v). An automorphism f of a Lebesgue space (X, ¥, u) is of product type
(or ITPFI) if it is weakly equivalent to some O({n.},{v}).

ReMarks. (1) One important method used to study weak equivalence classes
of systems f€Aut(X,%,u) is to study the crossed product algebras
WH*(L™(X, p),f); i.e., the group measure space construction of von Neumann
[25]. An ergodic transformation has a von Neumann factor associated to it in a
canonical way and weakly equivalent transformations give isomorphic von
Neumann factors. These factors are sometimes called Krieger factors. In
particular, automorphisms of product type give factors W* which are ITPFI;
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that is, W* =5~ (M, ¢:) acts on the Hilbert space Hy =X);., (H,, )
where the M, are type I, factors acting on Hi, 2=n. =, and ¢ (x)=
(P, x D) is a faithful state on M,. For details see [1]. From now on we will refer
to automorphisms of product type as ITPFI automorphisms.

(2) Katznelson has shown that every C? diffeomorphism of T' = R/Z whose
rotation number has unbounded continued fraction coefficients is ITPFI, and
that every odometer of product type is weakly equivalent to a C™ diffeomor-
phism of T' [15].

§2. The flow associated to an ergodic automorphism

A one parameter group {U, : — o <s <} of automorphisms of (X, %, u) is
calied a measurable non -singular flow if the map (x, s)» Ux from X xR onto X
is measurable. If ¢ : X — R is measurable and satisfies y(Ux) = ¢/(x) for u-a.e.
x € X and every —o < s <o then  is called a {U; }-invariant function. If {U.}
admits no non-constant invariant functions then we say that {U.} is an ergodic
flow. Two flows U, : (X, S, ) O and U}: (X', S', ") O are isomorphic if there
exists an invertible bimeasurable map p: X — X' such that p'u ~u and
satisfying Uip(x)=pU,(x) for p-ae. x € X

The following definitions and results come from [8].

DerINITION 2.1, Let (X, ¥, 1) be a Lebesgue space with u a probability
measure and let { be an arbitrary partition of X. We denote by B({) the
sub-o-algebra of & consisting of all sets in & which are unions of elements of {.
We define { to be a measurable partition of X if there exists a countable set of
sets B,, n =1,2,--- in B() such that for any C,, C, € {, C, # C,, there exists
an n such that either C,C B, and C,C X\B,, or C;CB, and C,C X\B,.

Let { be a measurable partition of X and # the natural surjection from X
onto X/{,i.e., wx = wx'if x and x' are in the same element C({) of {. We define
¥, to be the o-algebra consisting of all sets E € X/{ such that 7 'E € B({).
Let u,(E)=pu(7 'E) for all E in ¥,. If u, has no atomic parts, then
(X/¢, &, ng) 1s a Lebesgue space, called the quotient measure space of (X, &, u)
with respect to (.

We now consider the Z-action of an ergodic automorphism f on (X, %, 1), i.e.,
(n.x)yp f'x for every n €Z, x € X. We define

-1
Si(x,t)= (fx, t—log ‘—15,% (x )) for every (x,t)€ X XR.

By (XXR,¥xTJ,u @A) we will denote the measure space obtained by
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forming the cartesian product of (X, ¥, u) and (R, 7, A ), where A denotes Haar
(Lebesgue) measure and the product o-algebra is formed in the usual way.

DEerINITION 2.2. A map ¢ from X X R onto a Lebesgue space (Y, %, v) is
called a factor map with respect to S; if it satisfies:

(1) ¢7'AEFXT if and only if A EF.

(2) w(¢'A)=0 if and only if v(A)=0, VA € F.

B) doSi(x,t)=d(x,t) for a.e. (x,t)€ X XR.

(4) If n : X xR is an S;-invariant function, then there is a function 7 : Y =R
such that n(x,t)= (o (x,1)) for w @ A-ae. (x,t)E X XR.

The following lemma states that factor maps are unique up to isomorphism.

LEmMa 2.3. [8] Let ¢, and ¢. be measurable maps from (X XR,¥ X
T, u @ A) onto Lebesgue spaces (Y., F,, v) and (Y., F-, v,) respectively, satisfy-
ing v,(A:))=0 if and only if n @ A(¢:'A) =0, Ai € F for i =1,2. If for any
measurable function 7, on Y. there exists a measurable function 7, on Y,
satisfying

N2(a(x, 1)) = N(di(x,8))  fora.e (x,1)€ X xR,

and if for any measurable function 7, on Y, there exists a measurable function 7,
on Y, satisfying the above equation, then there exists an isomorphism
(Y, Fi,v)—= (Y, Fov)  satisfying  y(di(x, 1)) = ba(x,t) for a.e
(x,t)E X XR.

Let {(f) denote the measurable partition which generates all S, invariant sets,
and let 7, denote the natural surjection from X XR onto the measure space
X x R/(f). It is easy to see that 7 is a factor map with respect to S;. We now
define a flow on X XR by T, (x,s)=(x,s +¢) for every (x,s)€ X €R, and
—oo <t <. Since §; commutes with {T,} for all t ER, the image under =, of
{T.} is a flow on (X XR/{(f), %, i) defined by T,(m(x,s)) = m(T.(x,s)) for
a.e. (x,5)€ X X R. It has been proved that weakly equivalent transformations
fAX,Fn)O and f: (X', S, u") O give rise via the above construction to
isomorphic flows, {mT.} and {n;- T}, and we call the isomorphism class of the
flow the flow associated to f. An automorphism f is of type IIl, if and only if its
associated flow is an aperiodic conservative ergodic flow [8, 23].

§3. Construction of a type 1II, diffeomorphism

In [10] a method was given for constructing smooth type III, diffeomorphisms
of any paracompact manifold of dimension greater than or equal to three, as well
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as on T*. We give a different method here for constructing type IIl,; diffeomorph-
isms, based on a construction of (non-smooth) automorphisms given by Hamachi
and Osikawa [8). This method only provides examples in dimensions = 3 but the
advantage of this construction is the following: given any smooth measure
preserving flow, {U,}, of a C* manifold, we can construct a C~ diffeomorphism
whose associated flow is {U.}.

In section 4 we will use this construction to prove the existence of non-ITPFI
diffeomorphisms since Connes and Woods proved that ITPFI transformations
must have certain types of associated flows [6, 7].

The main theorem of this section gives a method for constructing an ergodic
type I, transformation of a manifold, which may not be smooth, but is weakly
equivalent to a smooth diffeomorphism with a prescribed associated flow. We
first need a lemma proved in [8] about type I1I, transformations.

DerFiniTION 3.1, Let f € Aut(X, %, u) be ergodic. If there exists an ergodic
subgroup H of [f] and a o -finite measure j& which is H-invariant and equivalent
to u, we say that g is an f-admissible measure. If there exists a countable subset
' CR" such that forany n € Z, daf " (x)/da €T for a.e. x € X, then g is strictly
admissible.

Lemma 3.2. Every ergodic automorphism f of a Lebesgue space (X, ¥, 1) of
type 111, admits a strictly admissible finite measure o and

A(ﬁ,f)={rEF,Eln€Zs.t.p,{x :%(x)=r}>0}

is a dense subgroup of R".

In what follows, (X, &, 1) will denote a paracompact C* manifold, & a smooth
o-finite measure, and & will denote the o-algebra of Borel sets of X. Similarly,
(Y, %, v) will denote a C” manifold with v a smooth measure.

THEOREM 3.3. Let f € Diff"(X) be an ergodic diffeomorphism of X, and let
{U} be a C” flow on (Y, %, v) which is aperiodic, ergodic, and measure
preserving.

Assume that f is of type 111, and that i ~ p is a strictly f-admissible measure,
and define a transformation on X X Y by:

F(x,y) = (fx, Ugaarayaa)(y))  foreveryx € Xandy €Y.

Then F is an ergodic transformation of (X XY, ¥ X %, u @ v) which gives a
type 11, Z-action, and whose associated flow is {U,}.
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PrOOF. Let ¢ : X X Y XR— Y be defined by ¢(x,y,t)= U, (y) for every
x €EX, y €Y, t€R. Consider the transformation Sr defined as in §2:

di F!
Se(x,y,t)= <fX, Ulogcair'evai (1), t — log _%&@VT (% )’)) .

We claim that ¢ o Sr = ¢, £ Qv Q m-a.e. (where m denotes Lebesgue measure
on R). The claim is true because for any (x,y,t)E X X Y XR,

F 1
©eSe(x,y,1)=¢ (fx, Ulogtaarevan(y ), t — log —E&_ (x, )’))

= L]l*Iog(dﬁ®vF"(x'y)/dﬂ®V)(UlOg(dﬁf"(x)/dﬁ)(y ))

t—logldi @vF x.y ydi v ogidif - 'cordi) (Y )

Now since U, preserves v, we have

log —%— (x,y)=log (det (DIX){]I_](S;) DyU,O(x, y)))

where
= log —E'_L (x),
dai
SO

&@V Df'(x) O\\ _. daf"
di Qv (x y)= log(det<DxU,(x,y) ]>>—log—5ﬁL(x).

Thus ¢ o Se(x, v, £)= U, (y)=o(x,y,t) £ Q v Q m-a.e., proving the claim.
Our aim is to prove that ¢ is a factor map onto X X Y X R/{(S¢)= Y. In order
to prove this we need to show that for any Sgk-invariant function ¢ : X X Y xR
— R there is a function ¢ defined on Y such that ¢(x,y, )= (e (x, y, 1)) =
(U, (y)) for ace. (x,y,1)EX XY XR.
Suppose that ¢ is Se-invariant. Consider all h € [f] such that

—p -1
3.1) -‘i&z—— (x)= for g-ae. x € X

We know that there exist automorphisms h satisfying (3.1) by Lemma 3.2, since
@ is an f-admissible measure. Then for a.e. (x,y,1)E X X Y XR,

(3.2) Y (hx,y, 1) = Sp(hx, y, 1)

(3.3) = (f(hx )> Ulogiass='hxyagy(y ), t — log ‘E—L (hx))
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(3.4) =y (f(f"“’x ) Usogeaias='gn@xyany(y ), t —log —&L (F'x ) '

By (3.1) and the chain rule,

3.5) =y (f"mﬂx, Utogeaar—®*0xyay (¥ )s = logM (x ))
=¢(x, 9, 1)

Since the group satisfyting (3.1) is ergodic, ¥ must be fi-a.e. constant with
respect to x, so ¢ is a function of (y,t). Then we have:

(3.6) ¥ <Ulog(dﬁf"(x>ldﬁ)()’) t —log _sf—— (x )) ¥(y, 1)
for a.e. (x,y,1)€ X X Y XR. Lemma 3.2 implies that the set

{log—g_L x):n GZ}

is dense in R for fi-a.e. x € X, and since the flow {U,} is continuous, we have

(U, (y),t—s)=u(y,t)forvQm-ae.(y,t)EY XR, forevery —x<s <. In
particular, setting s = ¢, we have for g Qv @@ m-ae. (x,y,s)EX XY XR,

W(x,y,8)=d(y,s)= (U, (y),0)= §(p(x,y,s)).

Therefore ¢ is a factor map from X X Y X R onto Y with respect to Sr and the
associated flow of F is {U,}.

As an easy corollary of Theorem 3.3 we obtain a diffeomorphism which is of
type I1l.

CorOLLARY. 3.4. If we replace ji in the statement of Theorem 3.3 with the
given smooth measure . on X and define

G(x,y) = (fx, Usogeansxwanx(y ) forevery (x,y)EX XY,
then G is a diffeomorphism which is weakly equivalent to F.

Proor. To see that G is a diffeomorphism, we remark first that
(x,y)» (fx, U, (y)) is a diffeomorphism for each s ER, and that

G (x,y) = (% Uogeaur-' s (¥))
is C~.
It is not difficult to see that G™' exists and is defined by:
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3.7 (%, )P (f %, Unogiaurinam(¥))s

which is also C*. This proves that G is a diffeomorphism. (To check (3.7), we
verify that GG ~'(x,y)=(x,y) as follows:

3.8) G°G'(x,y)= G(f "%, Ungaurayanr(y))

3.9 = (f o f "%, Ulogtaur"¢"xwaiey ® Usogtansieyamy(y )
(3.10) = (%, Usogtaus ¢ xvvauy+ togtaus vt (¥ )

3.11) =(x,y)

We obtain (3.11) from (3.10) since

logd (x)= log—-’l:L—Qng(x) log—E—(LLL(x)

~tog [ 12 2 1)
~tog 4L 1)+ 1og % (1)

recalling that duf/dp denotes the Radon-Nikodym derivative of fx'u with
respect to w.
Similarly, we can show that G 'oG(x,y)=(x,y) for every (x,y)E X X Y.)
To show that G is weakly equivalent to F, we exhibit a measurable
isomorphism which takes orbits of F to orbits of G. We define H: X X Y — X X
Y by:

(3.12) H(x,y) = (x, Usogtapxyag)(y))

for all (x,y) € X X Y. It is not difficult to see that H is measurable, invertible,
and leaves the measure w @ v on X XY quasi-invariant. We claim that
HoF=GoH u ®v-a.e. To prove the claim, (3.12) implies:

(3.13) HoF(x,y)= H(fx, Uogagcyan(¥))
(3.14) = (f%, Ulogtan ¢ vdin +1ogtaas ey (¥ )
(3.15) = (fx9 Ulog(d#!"(x )/d;i)(y ))

for u ®v-a.e. (x,y)€ X x Y. Statements (3.14) and (3.15) are equal by an
application of the chain rule.
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Similarly,
(3.16) GeH(x,y)= G(x, Uiogduisyan)(¥))
(3.17) = (f%, Utogeaus 1 awytogednxyan)(y )
(3.18) = (%, Utogiaussvaa)(¥))

=HoF(x,y) p & v-a.e. by (3.13)-(3.15).

This concludes the proof of the corollary.

ReMARk 3.5. In [1] Araki and Woods constructed uncountably many non-
isomorphic type IIL, factors. In [21] Krieger constructed an uncountable family
of non-weakly-equivalent ergodic automorphisms of type 1I1,. Here we construct
an uncountable family of non-weakly-equivaient type I, diffeomorphisms of
T°. We define the family, denoted G,, 0 < A <1, as follows. Let f € Diff*(T") be
of type I11,, and let g, € Diff"(T"') be of type I11,. These diffeomorphisms exist by
[14]. Let U: denote the suspension flow of g.; i.e., the flow induced by
U.(y,z2)=(y,z+s) YyET', z€R, s€R on the space T'XR/(y,z)~
(gxy,z tn)forally € T', z ER, n € Z. This defines an aperiodic, conservative,
ergodic flow on T?, which we call U;.

For (x,y,z)€ T, we define:

G (x,y, 2) = (fx, Ulogiams- e yam (¥ 2))s

using m to denote Lebesgue measure on T'. By Theorem 3.3 and Corollary 3.4 it
follows that G, is of type III, with U7 as its associated ergodic flow. Since g, is
not weakly equivalent to g if A # B, then Uy is not isomorphic to U¥; hence G,
and G, cannot be weakly equivalent.

§4. Non-ITPFI diffeomorphisms

In this section we use results of Connes and Woods which give conditions for
Krieger factors (cf. §1) to be non-ITPFI (see [6, 7, 28]). Combining these results
with Krieger’s theorem which gives an isomorphism between aperiodic, conser-
vative, ergodic flows and flows of weights on type III, Krieger factors allows us to
obtain non-ITPFI diffeomorphisms. In fact the flow associated to an ergodic
group action of f on (X, %, 1) is the same (up to isomorphism) as the flow of
weights obtained from the Krieger factor W*(L*(X, ), f). (See [27] for a good
exposition of this point.)

We begin with a definition of a property which is stronger than ergodicity.
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DerFiNiTION 4.1. [7] Let (X, % ) be a Lebesgue space and let
a:G— Aut(X, ¥, 1) be a homomorphism from a locally compact group G to
the group of automorphisms of (X, %, u). We say that a is approximately
transitive if given € >0and hy,- -, h, € Li(X, p), there exists h € L}(X, n) and
vi,- % € LY(G, dg) such that for every 1=j=r,

_ oo - v (g)- H%
“h] J;} hea, 'Y;(g) du dg"}ie,

where dua,/du denotes the Radon—-Nikodym derivative of a,- u with respect to
. We say also that a is AT, or, when G = Z and the action is given by a single
transformation f = a,, we say that f is AT. A flow built under a constant ceiling
function is AT if and only if the base transformation is AT [7].

We now state some results on AT transformations and flows.

THEOREM 4.2. [7] If f€ Au(X, &, 1) is AT, then f is ergodic.

Tueorem 4.3. [7] If W* is a Krieger factor - which is ITPFI, then the
associated flow of weights is AT.

COROLLARY. 4.4. If f is an ergodic automorphism of (X,¥,un) which is
ITPFI, then its associated flow is AT.

THEOREM 4.5. [7] If f is a finite measure-preserving transformation which is
AT, then f has zero entropy.

Our task is now a simple one. We consider the diffcomorphisms of T* = R*/Z*

given by the matrices
U, = <n +1 1) :
n 1

that is, U, (y1, y2) = (n + 1)}y + y2, ny. + y2)(mod 1) for every integer n Z 1, and
for every (yi, y:) € T°. Each U, gives an ergodic, measure-preserving group
automorphism of the torus isomorphic to a Bernoulli shift [13]. Since the entropy
of U, islog((n + 2+ Vn(n +4))/2), then Theorem 4.5 implies that U, is not AT.
We now take the suspension flow of U, for each n, and we can easily check that
we obtain a countable family of aperiodic, conservative, ergodic flows which are
all mutually non-isomorphic.

The following result is now easily proved.

THEOREM 4.6. There exists a C™ diffeomorphism of T* which is non-ITPFI.
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Proor. Let f € Diff*(T") be a type 111, diffeomorphism. Let {U,}.er be the
flow defined as above for n =1, ie., U:T*—> T is given by U(y,, yz) =
2y, + y2, yi + ¥2) (mod 1), and {U,} is the suspension flow of U on T°.

By Corollaries 3.4 and 4.4 the map K : T*— T* defined by:

K(x,7) = (fx, Uiagams~ cyam)(¥ ) foreveryx€T!, yeET
is a diffeomorphism which is non-ITPFIL

COROLLARY. 4.7. There exists a countably infinite family of weak equival-
ence classes of non-1TPFI diffeomorphisms of T*.

§5. Diffeomorphisms of higher dimensional manifolds

In this section we use methods from [10] and [11] to extend our construction to
higher dimensions. The following lemma is necessary to generalize the construc-
tion.

LEMMA 5.1. Suppose K : T*— T* is defined as in Theorem 4.6. Let K, : T* X
R— T*XR be defined by:

K«l‘(xa)j’ t)=(K(x’)7)’t+¢(x7)7))

for every (x,7)E T*, t €R, and ¢ € C*(T*,R); suppose also that K, is ergodic
with respect to Lebesgue measure on T*XR and is of type 1Ilo. Then K, is
non-1TPFI.

Proor. The idea of the proof is to show that K, is weakly equivalent to K,
and is therefore non-ITPFI.
We first remark that by Corollary 3.4, K is weakly equivalent to:

K(x, ¥) = (fx, Usogons~'evam)(¥))

where m ~ m is a strictly f-admissible measure on T'. We then claim that K is
weakly equivalent to K,, which is defined on T* xR by:

Kw(X,)’-,f)z(K(x,y),t+!//(xa)7))'

It follows that K, has the same associated ergodic flow, {U.}, as K. (The
associated factor map for K, is ¢ : T' X T* X RxR— T° given by ¢(x, 7,1,5) =
U, (¥).) Another application of Corollary 3.4 shows that K, is weakly equivalent
to K,. The result follows from the transitivity of weak equivalence.

To see that Lemma 5.1 is not vacuous, we apply a theorem from [10]. Let
(X, ¥, 1) denote a smooth connected paracompact manifold with u a C”
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probability measure on X. Let g € Diff (X)) be an ergodic diffeomorphism. We
define the set

€ =cl{y € C"(X,R)| ¢ =n — n °g forsome Borel map  : X — R},

where cl denotes the closure taken with respect to the C” topology in C*(X,R).
The next theorem states that there are many functions in € (in the Baire
category sense) which give ergodic extensions if g is of type IIl,.

THEOREM 5.2. Suppose that g € Dift*(X) is an ergodic type 111, diffeomorph -
ism. Then the set

=€ |(z, 1) (gz,t +¥(2)) Vz € X, t ER, is of type 111}
is a dense G; in €.

We use this to prove the next theorem.

THEOREM 5.3. There exists a diffeomorphism of T* X R” for every p = 0, which
is C” and non-ITPFI.

ProoF. We use induction on p. We start with K € Diff"(T") defined in
Theorem 4.6. For p =1, the theorem is true by Lemma 5.1 and Theorem 5.2.
Assume the theorem is true for p = j. Then suppose that K; € Diff (T xR’) is a
non-ITPFI diffeomorphism. By Theorem 5.2 there is at least one function
¢ T*XR =R such that (z;,1)» (K;(z;),t +¢(z;)) Vz; ET' xR/, t ER, is of
type IIl,. Then by Lemma 5.2 this map is a non-ITPFI diffeomorphism of
T4 X Ri+l.

Finally, to extend our result to arbitrary manifolds of dimension = 6 we apply
the following lemmas.

LEmMA 5.4. [11] Let X be a p-dimensional C™ paracompact connected
manifold and p a C* measure on X. Then there exists an open set V C X,
diffeomorphic to R and satisfying u(X — V)=0.

LemMA 5.5. [11] If p = 6, there exists an open set W of R’ diffeomorphic to
T° X R*™ such that m(R®* — W) =0.

LeMMA 5.6. Let K, € Diff(T") denote the ergodic non-1TPFI diffeomorphism
(K) defined in Theorem 4.6, and by K;, j = 1, we will denote a diffeomorphism of
T* xR’ of the form:

(z, 1,85, '9ti)H (KO(Z)’ L+ llh(z), et l/li (Z’ by, "ti*l))
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forevery z €T, Lt ER, 1Si=j If FI: T*XR X T' O denotes the suspension
flow of K;, then for m-a.e. soER, and for every j =0, F’ is a non-ITPFI
diffeomorphism.

Proor. Since K; is ergodic, then for almost every s, €R, F} is ergodic [11].
Using the same argument as in the proof of Lemma 5.1, we see that K; and F’,
have the same ergodic flow associated to them so they are weakly equivalent,
hence F’, is non-ITPFI.

So

LemMMa 5.7. [10, 11] Let W be an open set of R’, and let F; denote a C~ flow of
type 111 on W. Let x be the infinitesimal generator of F;, i.e., x is defined by:

%?(w) o= x o F(w) Yw e Ww.

We define ¢ € C™(W,R), ¢ > 0 such that the vector field ¢x is globally integrable
and defines a flow G,. Then G, is weakly equivalent to F..

THEOREM 5.8. There exists a C” non-ITPF1 diffeomorphism on every con-
nected, paracompact manifold of dimension Z 6.

ProoF. By Lemmas 5.4 and 5.5 there exists an open set W C X of full
measure and such that W is diffeomorphic to T° x R”~* (where X is of dimension
p =6). By Theorem 5.3 there exists a C” non-ITPFI diffeomorphism of
T*xRP%; we denote it by K,.s. We then take the suspension flow of K, s,
denoted F?°, as in Lemma 5.6. Suppose that x*~° denotes the infinitesimal
generator of F;7°. We now define ¢ € C™(X,R) such that ¢ >0on W, ¢ =0o0n
X — W, and such that the vector field

e(x)x*(x), ifxEW
Y(x)=
0, fxeX-W

is C” on X and globally integrable, thus defining a flow G2~ on X. By Lemma
5.7, G2’ is weakly equivalent to F?~. Then Lemma 5.6 implies that for m-a.e.
so€R, G’ is a non-ITPFI diffeomorphism of X.
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